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FANO COMPACTIFICATIONS OF CONTRACTIBLE
AFFINE 3-FOLDS WITH TRIVIAL LOG CANONICAL
DIVISORS
MASARU NAGAOKA
Abstract. T.Kishimoto raised the problem to classify all compact-
ifications of contractible affine 3-folds into smooth Fano 3-folds with
second Betti number two and classified such compactifications whose
log canonical divisors are not nef. In this article, we show that there
are 14 deformation equivalence classes of smooth Fano 3-folds which can
admit structures of such compactifications whose log canonical divisors
are trivial. We also construct an example of such compactifications with
trivial log canonical divisors for each of all the 14 classes.
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2 M. NAGAOKA
1. Introduction.
Throughout the present article we work over the field of complex numbers
C. In [Hir54], F.Hirzebruch raised the problem to classify all compactifi-
cations of the affine space An into compact complex manifolds with sec-
ond Betti number B2 = 1 for all n. By contributions of M.Furushima,
N.Nakayama, Th.Peternell and M. Schneider (cf. [Fur86, Fur90, Fur92,
Fur93, F-N89a, F-N89b, Pet89, P-S88]), the classification of compactifica-
tions of A3 into smooth projective 3-folds with B2 = 1 was completed.
Let V be a smooth projective 3-fold with B2 = 1 which contains A
3 as an
open set. Let D := V \ A3. Then V is a Fano 3-fold and the anticanonical
divisor −KV is linearly equivalent to rD, where r is the Fano index of V .
First, in [Fur86, F-N89a, F-N89b, P-S88], the pairs (V,D) with r ≥ 2 were
classified. Then Furushima [Fur93] classified the pairs (V,D) with r = 1.
T.Kishimoto [Kis05] observed that their arguments make use of only the
contractibility of A3 and that, by the arguments, it is possible to classify
compactifications of contractible affine 3-folds into smooth Fano 3-folds with
B2 = 1. After that, Kishimoto raised the following problem as the corre-
sponding problem in the case when B2 = 2.
Problem 1.1. Classify triplets (V,D1 ∪D2, U), where V is a smooth Fano
3-fold with B2 = 2, D1 and D2 are prime divisors on V , and U is the
complement V \ (D1 ∪D2) which is a contractible affine 3-fold.
We often call D1 and D2 the boundary divisors and KV +D1+D2 the log
canonical divisor.
Using the list [M-M81, Table 2], Kishimoto classified all such triplets
in [Kis05] when the log canonical divisors are not nef. For this reason,
we consider such triplets whose log canonical divisors are nef. Then, by
virtue of the Kawamata-Shokurov base point free theorem, the log canonical
divisor for such a triplet is semiample and we denote by κ(KV +D1 +D2)
the dimension of the image of the morphism given by the linear system
|m(KV +D1 +D2)| for sufficiently large m.
In this article, we shall investigate triplets (V,D1 ∪D2, U) as in Problem
1.1 satisfying the following condition:
KV +D1 +D2 is nef and κ(KV +D1 +D2) = 0.
If the condition holds for a triplet (V,D1∪D2, U), thenm(KV +D1+D2) = 0
for sufficiently large m. Since the Picard groups of V is torsion-free, we have
m = 1. Hence the condition is rewritten as
(†) : KV +D1 +D2 = 0.
In this article, a triplet (V,D1 ∪D2, U) is called a triplet with (†) if it is as
in Problem 1.1 and satisfies (†). Note that a similar condition KV +D = 0
holds for every smooth projective compactification (V,D) of A3 with B2 = 1
and r = 1.
Our main result is the following, where we denote by Q3 the smooth
quadric 3-fold and by V5 the smooth quintic del Pezzo 3-fold.
Theorem 1.1.
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(1) Let (V,D1 ∪ D2, U) be a triplet as in Problem 1.1. Suppose the
triplet satisfies (†). Then there are only 14 deformation equivalence
classes to one of which the Fano 3-fold V belongs. We give a precise
description of V below.
(A) If V is imprimitive, then it is the blow-up of a Fano 3-fold W
along a smooth curve C such that one of the following holds:
(A1) W ∼= P3 and C is an elliptic curve of degree 3, 4.
(A2) W ∼= P3 and C is a rational curve of degree 1, 2, 3, 4.
(A3) W ∼= Q3 and C is a rational curve of degree 1, 2, 3, 4.
(A4) W ∼= V5 and C is a rational curve of degree 1, 2, 3.
(B) If V is primitive, then V is one of the following:
(B1) V ⊂ P2 × P2 is a divisor of bidegree (1, 2).
(B2) V ∼= P1 × P2.
(B3) V ∼= PP2(O⊕O(2)), which is the blow-up of the cone over
the Veronese surface at the vertex.
(2) For each C of 14 classes as in (1), there is a triplet (V,D1 ∪D2, U)
as in Problem 1.1 satisfying (†) such that V belongs to C.
Remark 1.2. To prove Theorem 1.1, we use the list [M-M81, Table 2] of
smooth Fano 3-folds with B2 = 2. Each type as in Theorem 1.1 corresponds
to the numbers in [ibid.] as follows:
(A1) V is of No.25 or No.28.
(A2) V is of No.22, No.27, No.30 or No.33.
(A3) V is of No.21, No.26, No.29 or No.31.
(A4) V is of No.20, No.22 or No.26.
(B1) V is of No.24.
(B2) V is of No.34.
(B3) V is of No.36.
Note that No.22 and No.26 appear twice above.
In this article, a triplet (V,D1 ∪D2, U) with (†) is called of type (∗) if V
belongs to the type (∗) of Theorem 1.1.
Theorem 1.1 determines the candidate of the ambient spaces V of triplets
(V,D1 ∪ D2, U) with (†). In the forthcoming article [Nag2], we determine
all triplets (V,D1 ∪ D2, U) with (†) of type (A1) or (A2) and it turns out
that U ∼= A3 except for one case.
This paper is structured as follows.
In §2, we recall some facts about Gorenstein del Pezzo surfaces (§2.1) and
topologies of varieties (§2.2), which we use to prove Theorem 1.1.
In §3, we show that the linear equivalence classes of the boundary di-
visors of a triplet with (†) are uniquely determined up to permutation of
the boundary divisors. In Lemma 3.5, we also prove an important equality
between topological invariants about a triplet with (†), which is a key to
prove Theorem 1.1 (1).
In §4, we construct an examples of triplets with (†) for each of all de-
formation equivalence classes of ambient spaces of type (A). To do so, we
introduce a sufficient condition of triplets with (†) of type (A) in Lemma
4.3. We actually construct examples in §4.2–4.4. We also show that the
above condition is not a necessary condition in §4.5.
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In §5, we construct an examples of triplets with (†) for each of remaining
classes, i.e. of type (B). We review Kaliman’s characterization of A3 (Theo-
rem 5.1) in §5.1 to construct examples explicitly in §5.2–§5.3. By combining
§4 and §5, we complete the proof of Theorem 1.1 (2).
In §6–7, we prove Theorem 1.1 (1) by showing that, unless the ambient
space is of type (A) and (B), a triplet with (†) does not satisfy the equality
of Lemma 3.5. §6 (resp. §7) deals with the case that the ambient space is
imprimitive (resp. primitive).
Notation and Conventions. In this article, we always assume that Fano
varieties are smooth. We use the numbers assigned to Fano 3-folds with
B2 = 2 as in [M-M81, Table 2]. We also employ the following notation.
• Bi(X): the i-th Betti number of a topological space X.
• χtop(X): the topological Euler number of a topological space X.
• Sing X: the singular locus of a variety X.
• KX : the canonical divisor of a Gorenstein variety X.
• pa(r): the arithmetic genus of a curve r.
• Ef : the exceptional divisor of a birational morphism f .
• f−1∗ (D): the strict transform of a divisor D by a birational map f .
• Q3: the smooth quadric 3-fold in P4.
• Vd: a smooth del Pezzo 3-fold of degree d.
• Q20: the quadric cone in P
3.
• Fn: the Hirzebruch surface of degree n.
• fn: a ruling of Fn.
• Σn: the minimal section of Fn.
Acknowledgement. The author is greatly indebted to Prof.Hiromichi Tak-
agi, his supervisor, for his encouragement, comments, and suggestions. He
also wishes to express his gratitude to Prof. Takashi Kishimoto for his help-
ful comments and suggestions. He also would like to express his gratitude to
Dr.Akihiro Kanemitsu and Dr.Takeru Fukuoka for giving very significant
advice in order to make this article more readable.
2. Preliminaries
2.1. Gorenstein del Pezzo surfaces. In this subsection, we review some
facts on Gorenstein del Pezzo surfaces.
Theorem 2.1 (cf.[H-W81], [A-F83]). Let S be a Gorenstein del Pezzo sur-
face of degree d ≥ 3.
(1) If S is normal and rational, then χtop(S) = 2 +B2(S) ≥ 3.
(2) If S is normal and irrational, then χtop(S) = 1.
(3) If S is non-normal, then χtop(S) ≥ 2.
(4) If S is not a cone over a curve, then χtop(S) ≥ 3.
Lemma 2.2. Let S be a Gorenstein del Pezzo surface of degree d ≥ 4 which
is the cone over a curve. Then S cannot be embedded in smooth 3-fold.
Proof. The surface S ⊂ Pd is an intersection of quadric hypersurfaces by
[Fuj90, Corollary 1.5]. Since S is the cone over a curve, such quadric hy-
persurface is singular at the vertex of S. Then we can compute that the
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embedding dimension of S at the vertex is d ≥ 4. Hence we have the asser-
tion. 
Notation 1. For a non-normal surface S, we use the following notation:
• σS : S → S: the normalization.
• CS ⊂ OS : the conductor ideal of σS .
• ES := VS(CS) and ES := VS(σ
∗
S(CS)): the subschemes defined by CS.
We call ES (resp.ES) the conductor locus of S (resp.S).
The following lemma is used in our proof of Propositions 6.9 and 6.14.
Lemma 2.3. Let S be a non-normal Gorenstein del Pezzo surface of de-
gree d ≥ 3. Suppose that S belongs to the class (C) in [A-F83] and ES is
reducible. Then each member D ∈ |−KS | satisfies B2(D) < d.
Proof. Since S belongs to the class (C) of [A-F83], its normalization S is
isomorphic to Fd−2 and the conductor locus ES of S is linearly equivalent
to Σd−2 + fd−2. Since ES is reducible, it consists of Σd−2 and a ruling F of
Fd−2. The normalization σS : S → S induces isomorphisms from both Σd−2
and F to ES . We also have −σ
∗
S(KS) ∼ Σd−2 + (d− 1)fd−2.
As B2(D) ≤ (D · −KS) = d, it suffices to show that B2(D) 6= d. On
the contrary, suppose that B2(D) = d. Then D consists of curves r1, . . . , rd
with (ri · −KS) = 1 for i = 1, . . . , d.
Fix i ∈ {1, . . . , d}. Then ri 6⊂ ES since D is Cartier. As ES = Σd−2 + F ,
we have σ−1S∗ (ri) 6= Σd−2 or F . If we write σ
−1
S∗ (ri) ∼ aΣd−2 + bfd−2, then it
holds that 1 = (ri · −KS)S = (σ
−1
S∗ (ri) · −σ
∗
SKS)S = (aΣd−2+ bfd−2 ·Σd−2+
(d − 1)fd−2)S = a+ b. Hence σ
−1
S∗ (ri) ∼ fd−2 for i = 1, . . . , d. However this
implies that D is disconnected since σS is as stated, which contradicts the
ampleness of D. 
2.2. Topologies of varieties. In this subsection, we summarize some facts
about the topologies of varieties which we apply in our proof of Propositions
6.6 and 6.7.
Lemma 2.4. Let X be a smooth contractible affine 3-fold, S ⊂ X a closed
irreducible normal surface and r ⊂ S a closed irreducible smooth curve. Let
ϕ : BlrX → X be the blow-up of X along r. Suppose that N := BlrX\ϕ
−1
∗ (S)
is contractible. Then we have
Hi(S \ Sing S,Z) =


Z i = 0
H1(r \ (r ∩ Sing S),Z) i = 1
Z♯Sing S i = 3
0 otherwise.
Proof. Let M := X \ Sing S, S′ := S \ Sing S and E := Eϕ ∩N . Note that
N =
(
Blr\(r∩Sing S)M
)
\ ϕ−1∗ (S
′). Applying the Thom isomorphism to the
pair (X,Sing S), we get the following exact sequence:
· · · // Hi−5(Sing S,Z) // Hi(M,Z) // Hi(X,Z) // Hi−6(Sing S,Z) // · · ·.
Note that N is contractible by the assumption and E is an A1-bundle over
r \ (r ∩ Sing S). Thus we can calculate the singular homologies of M , N ,
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and E. Then we have
Hi(M,Z) =


Z i = 0
Z♯Sing S i = 5
0 i : otherwise,
Hi(N,Z) =
{
Z i = 0
0 i : otherwise,
Hi(E,Z) =


Z i = 0
H1(r \ (r ∩ Sing S),Z) i = 1
0 i : otherwise.
(∗)
As ϕ ↾N\E : N \ E → M \ S
′ is an isomorphism, the Thom isomorphism to
the pairs (M,S′) and (N,E) gives us the following commutative diagram
with the exact rows:
· · · // Hi−1(E,Z) //

Hi(N \ E,Z) //
≀

Hi(N,Z) //

Hi−2(E,Z) //

· · ·
· · · // Hi−1(S
′,Z) // Hi(M \ S
′,Z) // Hi(M,Z) // Hi−2(S
′,Z) // · · ·.
Substituting the terms of the commutative diagram by (∗), we have the
assertion. 
Lemma 2.5. Let f : X˜ → X be a proper morphism of projective algebraic
varieties such that its restriction f−1(U) → U over a dense open subset U
is isomorphic. Let Y := X \U and Y˜ := f−1(Y ), then there exists an exact
sequence of cohomologies:
· · · // H i(X,Z) // H i(Y,Z)⊕H i(X˜,Z) // H i(Y˜ ,Z) // H i+1(X,Z) // · · ·.
Proof. This follows by the same method as in the proof of [Ish14, Lemma
8.1.7]. 
Definition 2.6. For a normal surface singularity (X,x), πX,x := lim←−
U
π1(U \
{x}) is called the local fundamental group of (X,x). We say that πX,x is
perfect if its abelianization is trivial.
Theorem 2.7 (cf. [Bri68, Satz 2.8]). Let (X,x) be a normal surface singu-
larity. Then the following are equivalent:
(1) (X,x) is a quotient singularity.
(2) The local fundamental group πX,x is finite.
Theorem 2.8 (cf. [Bri68], [B-D89, Theorem1.4(a)]). Let (X,x) be a ratio-
nal double point. Then the following are equivalent:
(1) (X,x) is an E8-singularity.
(2) The local fundamental group πX,x is perfect.
Theorem 2.9 (cf. [KPR89]). Let G be a reductive algebraic group acting
algebraically on a contractible affine variety X. Then the algebraic quotient
X//G is also contractible.
3. Boundary divisors
In this section, we study properties of the boundary divisors of triplets
with (†).
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Notation 2. For a Fano 3-fold V with B2 = 2, we use the following notation
for i = 1, 2:
• ϕi: the extremal contractions of V .
• Wi: the image of ϕi.
• Hi: the pullback of the ample generator of PicWi.
• µi: the length of ϕi, i.e. µi := min{(−KV · l) ∈ N | l : a curve such
that ϕi(l) is a point}.
• li ⊂ V : a curve such that (−KV · li) = µi and ϕi(l) is a point.
V
ϕ1
}}④④
④④
ϕ2
!!
❈❈
❈❈
W1 W2
Theorem 3.1 (cf. [M-M83, Theorem 5.1]). With Notation 2, we have the
following:
(1) PicV = Z[H1]⊕ Z[H2].
(2) −KV ∼ µ1H2 + µ2H1.
(3) (Hi · lj) = 1− δij for all i, j, where δij is Kronecker’s delta.
In the remaining of this section, we fix a triplet (V,D1 ∪D2, U) with (†).
Lemma 3.2 (cf. [Kis05, Lemma.2.1]). It holds that PicV = Z[D1]⊕Z[D2].
Lemma 3.3. Take mij ∈ Z such that Di ∼ mi1H1 +mi2H2. Then mij ≥ 0
for all i, j.
Proof. By symmetry, we have only to show m11 ≥ 0. Suppose that m11 < 0.
Then m12 > 0 since D1 is a non-zero effective divisor. By the condition (†)
and Theorem 3.1 (3), we have m11 +m21 ≥ 1 and m12 +m22 ≥ 1. Hence
we have
m11m22 −m12m21 ≤ m11m22 −m12(−m11 + 1) = m11(m22 +m12)−m12
≤ m11 −m12
≤ −2,
which implies that the matrix (mij)1≤i,j≤2 is not unimodular. This contra-
dicts to Theorem 3.1 (1) and Lemma 3.2. 
Proposition 3.4. We have the following:
(1) For every k ∈ {1, 2} such that µk = 1, we have Hk ∼ Dl for some l.
(2) If µ1, µ2 ≥ 2, then V ∼= P
1 × P2.
Proof. Let us definemij as in Lemma 3.3. Note that the matrix (mij)1≤i,j≤2
is unimodular by Lemma 3.2 and Theorem 3.1 (1). We have µi = m1i+m2i
for i = 1, 2 by the condition (†).
(1) We may assume that k = 1. Then (m12,m22) = (1, 0), (0, 1) by Lemma
3.3. If the former holds, then det(mij) = −m21 = −1 and hence H1 ∼ D2.
If the latter holds, then H1 ∼ D1 by the same method.
(2) If (µ1, µ2) 6= (2, 2) in addition, then V ∼= P
1×P2 by [M-M83]. Suppose
that (µ1, µ2) = (2, 2). Then (m1k,m2k) = (2, 0), (0, 2) or (1, 1) for k = 1, 2.
If one of the former two cases occurs, then det(mij) is even, a contradiction.
Hence mij = 1 for all i, j, which implies det(mij) = 0, a contradiction. 
The following lemma is useful.
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Lemma 3.5. It holds that χtop(D1∩D2) = χtop(D1)+χtop(D2)+B3(V )−5.
Proof. By the Mayer-Vietoris exact sequence, we have χtop(D1 ∩ D2) =
χtop(D1) + χtop(D2) − χtop(D1 ∪ D2). Since U is contractible, we have
χtop(D1 ∪D2) = χtop(V )− 1 = 5−B3(V ). 
4. Construction of examples of type (A)
In this section, we construct examples of triplets with (†) of type (A1)–
(A4).
4.1. Affine modifications. We review results about affine modifications,
which is a technique to construct new contractible affine varieties from well-
known ones.
Definition 4.1 (cf. [K-Z99, Kis05]). Let R be an affine domain and let
Z := Spec(R). Let I ⊂ R be an ideal and let f be an element of I. We
denote by D := VZ(f) ⊃ C := VZ(I) the subschemes in Z defined by f and
I, respectively. Then the affine modification of Z with a locus (C ⊂ D) is the
affine variety Z ′ with a coordinate ring R′ := Γ(OZ′) = R[I/f ]. It is clear
that R ⊂ R′ ⊂ Q(R), where Q(R) is the quotient field of R. The canonical
inclusion R ⊂ R′ induces a birational morphism τ : Z ′ → Z. We often call
this morphism τ itself as an affine modification with a locus (C ⊂ D). If f
is not a unit in R′, it defines a divisor E := div(f)Z′ on Z
′ and we have an
isomorphism τ |Z′\E : Z
′ \ E → Z \D. Then E is said to be an exceptional
divisor of the morphism τ .
Theorem 4.2 (cf. [K-Z99, Theorem 3.1, Corollary 3.1]). Let Z be a con-
tractible affine variety. Let τ : Z ′ → Z be an affine modification with a locus
(C ⊂ D). Let E be the exceptional divisor of τ . Suppose that
(I) Z and Z ′ are complex manifolds and D and E are topological man-
ifolds with finite decompositions into irreducible components D =∑n
i=1Di and E =
∑n
i=1Ei respectively such that Ei = τ
∗(Di) for
i = 1, . . . , n, and
(II) τ(Ei) 6⊂ Sing Di for i = 1, . . . , n.
Then the following are equivalent:
(1) Z ′ is contractible.
(2) (τ |Ei)∗ : H∗(Ei,Z)→ H∗(Di,Z) is an isomorphism for all i = 1, . . . , n.
Suppose that a Fano 3-fold V is the blow-up of a varietyW along a smooth
curve and W contains a contractible affine 3-fold as an open set. Then we
use the following lemma to find contractible affine 3-folds in V , which is a
corollary of Theorem 4.2.
Lemma 4.3. Let W be a smooth projective 3-fold. Let (S1, S2, C) be a
triplet of subvarieties of W , where S1 and S2 are closed surfaces and C is a
closed smooth curve. Assume that the following holds:
(I) C 6⊂ S1, C ⊂ S2, and C 6⊂ Sing S2.
(II) W \ S1 is contractible and affine.
(III) S2 \ (S1 ∩ S2) is smooth.
Let ϕ : V → W be the blow-up along C. Then the following are equivalent:
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(1) the open subvariety U := V \ (ϕ−1∗ (S1)∪ϕ
−1
∗ (S2)) is contractible and
affine.
(2) the inclusion ι : C \(S1∩C) →֒ S2\(S1∩S2) induces an isomorphism
H∗(C \ (S1 ∩ C),Z)→ H∗(S2 \ (S1 ∩ S2),Z).
Proof. Applying Theorem 4.2 by setting τ = ϕ|U , (Z
′, E) = (U,Eϕ ∩U) and
(Z,D) = (W \ S1, S2 \ (S1 ∩ S2)), we have the assertion. 
In the forthcoming article [Nag2], we investigate the isomorphism class of
U as above when V is of type (A1) or (A2), that is, when W ∼= P3.
Notation 3. For closed surfaces S1 and S2 in a smooth projective 3-fold
W , we define a condition (I’) as
(I’) S1 + S2 ∼ −KW .
The following lemma shows us that the condition (I) of Lemma 4.3 is
necessary to construct triplets (V,D1 ∪D2, U) with (†) of type (A).
Lemma 4.4. Let (V,D1 ∪ D2, U) be a triplet as in Problem 1.1. Assume
that V is given by the blow-up ϕ : V → W of a Fano variety W along a
smooth curve C. Let Si := ϕ(Di) for i = 1, 2. Then (†) holds for D1 and
D2 if and only if (I) and (I’) hold for S1 and S2 up to permutation.
Proof. The if part is obvious. Suppose that (†) holds for the triplet. Since
the length of ϕ is one, we may assumeD1 ∼ OW (1) andD2 ∼ OW (r−1)−Eϕ
by Proposition 3.4 and the condition (†), where r is the Fano index of W .
Hence S1 = ϕ(D1) and S2 = ϕ(D2) satisfy (I) and (I’). 
Remark 4.5. We use the notation as in Lemma 4.4. In §6.2, we prove the
following relations among (†) and (I)–(III) of Lemma 4.3.
• Suppose (†) holds. Then (II) holds if and only if B2(S1) is smallest
possible among hyperplane sections of W .
• Suppose (†) and (II) hold, and S2 is normal and rational. Then (III)
holds.
Hence (II) holds when (V,D1 ∪D2, U) is a triplet with (†) of type (A1) or
(A2) since S1 ∼= P
2. In the forthcoming article [Nag2], we show that the
second relation still holds without the rationality of S2.
Now we choose four varieties C,S1, S2,W such that the pair (W, C) sat-
isfies one of the statements (A1)–(A4) and the triplet (S1, S2, C) satisfies
(I)–(III), (I’) and (1) of Lemma 4.3. Then we complete the proof of Theo-
rem 1.1 (2) for all deformation equivalent classes as in (A) of Theorem 1.1
by Lemmas 4.3 and 4.4 in §4.2–4.4.
Note that triplets with (†) of type (A) are not necessarily constructed
from triplets of subvarieties which satisfy all the condition of Lemma 4.3.
In fact, we shall construct a triplet with (†) of type (A3) from a triplet of
subvarieties which does not satisfy the condition (II) in §4.5.
4.2. The types (A1) and (A2). We construct triplets (V,D1 ∪ D2, U)
with (†) of types (A1) and (A2).
Proposition 4.6. There exists a triplet (V,D1 ∪D2, U) with (†) such that
V is a blow-up of P3 along an elliptic curve of degree d for d = 3, 4.
10 M. NAGAOKA
Proof. Let S2 be the cone over a plane elliptic curve e, and v the vertex of
S2. Let π : S˜2 → S2 be the minimal resolution. Then S˜2 is a P
1-bundle over
e, which corresponds to a decomposable vector bundle of rank 2 and degree
3. Let C0 (resp. f) be the minimal section (resp. a ruling) of S˜2. On S˜2, take
a smooth member C˜d ∈ |C0 + df | and let Cd := π(C˜d), which is an elliptic
curve of degree d for d = 3, 4.
For d = 3, let S1 be a hyperplane which contains v. Then the triplet
(S1, S2, C3) satisfies the conditions (II), (III) and (I’). Since the intersection
S1 ∩S2 is a sum of rulings of S2, the surface S1 does not contain C3. Hence
the condition (I) holds for the triplet (S1, S2, C3). It also holds that S2 \
(S1∩S2) is isomorphic to an A
1-bundle over C3\(S1∩C3). Hence the triplet
(S1, S2, C3) satisfies the condition (1).
For d = 4, let l˜ be the ruling of S˜2 such that l˜ ∩ C˜4 = l˜ ∩ C0, and
l := π(l˜). Let S1 be a hypersurface which contains l. Then S1 contains v
and hence the triplet (S1, S2, C4) satisfies the conditions (I)–(III) and (I’) for
the same reason as the case that d = 3. By the choice of l, it also holds that
S2 \ (S1 ∩ S2) is isomorphic to an A
1-bundle over C4 \ (S1 ∩C4). Hence the
condition (1) holds for the triplet (S1, S2, C3).
As a result, the triplet (S1, S2, Cd) satisfies the conditions (I)–(III), (I’)
and (1) for d = 3, 4. 
Proposition 4.7. There exists a triplet (V,D1∪D2, U) with (†) such that V
is a blow-up of P3 along a smooth rational curve of degree d for d = 1, 2, 3, 4.
Proof. We define S1 and S2 in P
3
[x:y:z:t] as
S1 := {x = 0}
S2 := {x
2z + y3 + xyt = 0}.
Since S1 is a plane and S2 is a non-normal irreducible cubic surface, they
satisfy the conditions (II) and (I’). We write the conductor locus of S2 as
ES2 . Then we have
ES2 = {x = y = 0} = S1 ∩ S2,
which implies that the condition (III) holds for S1 and S2.
Let ψ : X → P3 be the blow-up along ES2 . Then it is easy to see that
ψ−1∗ (S2) is smooth and hence ψ|S2 is the normalization of S2.
Since S2 contains three lines ES2 , {y = z = 0} and {x = y, x+ z + t = 0}
which are not concurrent, S2 is not a cone. Hence S2 belongs to the class
(C) of [A-F83]. In particular, ψ−1∗ (S2) is isomorphic to F1 and Eψ|ψ−1∗ (S2) ∼
Σ1 + f1. We note that Eψ|ψ−1∗ (S2) is reducible since S2 \ ES2
∼= A2.
On ψ−1∗ (S2)
∼= F1, we take general smooth members
C˜1 ∈ |f1| , C˜2 ∈ |Σ1 + f1| , C˜3 ∈ |Σ1 + 2f1| and C˜4 ∈ |2Σ1 + 2f1|
such that C˜d∩Eψ consists of a single point for d = 1, 2, 3, 4. Since Σ1+2f1 is
very ample, we can choose C˜3 such that its tangent line of C˜3 at q := C˜3∩Eψ
is different from the ruling of Eψ containing q.
Fix d ∈ {1, 2, 3, 4}. By construction, the curve
Cd := ψ(C˜d)
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is smooth and rational of degree d. Since C˜d∩Eψ consists of a single point, so
does Cd∩ES2 = Cd∩S1. Hence the triplet (S1, S2, Cd) satisfies the condition
(I). As Cd \ (S1 ∩Cd) ∼= A
1 and S2 \ (S1 ∩ S2) ∼= A
2, the triplet satisfies the
condition (1). Hence the triplet (S1, S2, Cd) satisfies the conditions (I)–(III),
(I’) and (1). 
4.3. The type (A3). We construct triplets (V,D1∪D2, U) with (†) of type
(A3).
Proposition 4.8. There exists a triplet (V,D1∪D2, U) with (†) such that V
is a blow-up of Q3 along a smooth rational curve of degree d for d = 1, 3, 4.
Proof. First, we construct hypersurfaces S1 and S2 in Q
3 which compose
desired triplets as in Lemma 4.3. Let l be a line in Q3 and ψ1 : X → Q
3 the
blow-up of Q3 along l. Then X is a Fano 3-fold of No.31 in [M-M81, Table
2] and there is the extremal contraction ψ2 : X → P
2 different from ψ1 and
it is a P1-bundle (see [Mat95, §III-3]). An easy computation shows that
(4.3.1) ψ∗2OP2(1) ∼ ψ
∗
1OQ3(1)− Eψ1 .
We also obtain that NlQ
3 = Ol⊕Ol(1). Hence Eψ1
∼= F1 and ψ2|Eψ1 : Eψ1 →
P2 is a blow-up at a point. Let p be a center of blow-up ψ2|Eψ1 . Let r1 ∈
|OP2(1)⊗ Ip| and r2 ∈ |OP2(2)⊗ Ip| be smooth curves such that r1 ∩ r2 =
{p}. We take S˜i and Si for i = 1, 2 as
S˜i := ψ
−1
2 (ri) and Si := ψ1(S˜i).
Then the pair (S1, S2) satisfies the condition (I’).
Claim 1. It holds that S1 ∼= Q
2
0 and S2 is a non-normal Gorenstein del Pezzo
surface of class (C) in [A-F83].
Proof of Claim 1. By (4.3.1), we have Si ∈
∣∣OQ3(i)⊗ I il ∣∣ for i = 1, 2. Hence
it suffices to show that S˜1 ∼= F2 to obtain the first assertion. We also note
that S2 is a non-normal Gorenstein del Pezzo surface of degree 4. By Lemma
2.2 and [A-F83], S2 belongs to{
the class (C) of [A-F83] if S˜2 ∼= F2 and
the class (D) of [A-F83] if S˜2 ∼= F0.
Hence it suffices to show that S˜2 ∼= F2 to obtain the second assertion. Note
that ψ1(Eψ1 ∩ S˜2) is the conductor locus ES2 = l of S2.
Fix i ∈ {1, 2}. Since NEψ1X = OEψ1 (−Σ1) and S˜i|Eψ1 ∼ i(Σ1 + f1), we
have
(4.3.2) (E2ψ1 · S˜i) = −i(Σ1 · Σ1 + f1)Eψ1 = 0.
By the choice of ri, the intersection S˜i|Eψ1 is decomposed to two curves Σ1
and C ∼ (i − 1)Σ1 + if1 on Eψ1 . Note that Σ1 and C are a ruling and a
section on S˜i respectively. By (4.3.2), we have
0 = (Σ1 + C)
2 = Σ21 + 2(Σ1 · C) + C
2 = 2 + C2 on S˜i.
Hence C2 = −2 and Si ∼= F2. 
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Hence Q3 \ S1 ∼= A
3 by [Fur93, Theorem A] and the condition (II) holds
for S1 and S2. By the choice of r1 and r2, we have S1∩S2 = ψ1(S˜1∩ S˜2) = l.
Since
(ψ1|S˜2)
−1(l) = Eψ1 |S˜2 = Σ2 +C
for some ruling C of S˜2 ∼= F2, we have S2 \ (S1 ∩ S2) ∼= F2 \ (Σ2 ∪C) ∼= A
2.
Hence the condition (III) holds for S1 and S2.
Next we construct desired centers of blow-ups. On S˜2 ∼= F2, we take
general smooth members
C˜1 ∈ |f2| , C˜3 ∈ |Σ2 + 2f2| and C˜4 ∈ |Σ2 + 3f2| .
Since Σ2+3f2 is very ample on F2, we can choose C˜4 such that C˜4 contains
q := Σ2 ∩ C and its tangent line at q is different from that of the ruling of
Eψ1
∼= F1 containing q.
Fix d ∈ {1, 3, 4}. By construction, the curve
Cd := ψ1(C˜d)
is smooth and rational of degree d. Since C˜d ∩Eψ1 = C˜d ∩ (Σ2 ∪C) consists
of a single point, so does Cd ∩ l = Cd ∩ S1. Hence the triplet (S1, S2, Cd)
satisfies the condition (I). As Cd\(S1∩Cd) ∼= A
1 and S2\(S1∩S2) ∼= A
2, the
triplet also satisfies the condition (1). Hence the triplet (S1, S2, Cd) satisfies
the conditions (I)–(III), (I’) and (1). 
Proposition 4.9. There exists a triplet (V,D1 ∪D2, U) with (†) such that
V is a blow-up of Q3 along a conic.
Proof. We use the notation l, ψ1, ψ2, p, r1, S˜1 and S1 as in Proposition 4.8.
We take a smooth conic r2 ⊂ P
2 such that r1 ∩ r2 consists of a single point
which is different from p. We take
S˜2 := ψ
−1
2 (r2) and S2 := ψ1(S˜2).
Then the pair (S1, S2) satisfies the conditions (II) and (I’).
A computation as in the proof of Claim 1 shows that S2 belongs to the
class (D) of [A-F83]. More precisely, we have S˜2 ∼= F0, Eψ1 |S˜2 ∼ Σ0 and
(ψ1|S˜2)
−1(S1 ∩ S2) = Eψ1 |S˜2 + C
for some ruling C ∈ |f0| on S˜2 ∼= F0. Hence S2 \(S1∩S2) ∼= S˜2 \(Eψ1 ∪C)
∼=
A2 and the condition (III) holds for S1 and S2.
We take curves
C˜2 ∈ |Σ0| and C2 := ψ1(C˜2)
such that C˜2 6= Eψ1 |S˜2 . Then C2 is a smooth conic. Since C˜2 ∩ (Eψ1 |S˜2 ∪C)
consists of a single point, so does C2 ∩ S1. Hence the triplet (S1, S2, C2)
satisfies the conditions (I) and (1) as in the proof of Proposition 4.8. 
4.4. The type (A4). We construct triplets (V,D1∪D2, U) with (†) of type
(A4).
Proposition 4.10. There exists a triplet (V,D1 ∪D2, U) with (†) such that
V is a blow-up of V5 along a line.
FANO COMPACTIFICATIONS 13
Proof. We take hyperplane sections
S1 = H
0
5 and S2 = H
∞
5
as in [Fur00]. Then the pair (S1, S2) satisfies the condition (I’). Note that
S2 is non-normal. By [Fur00, Lemma 7], the normalization S2 of S2 is
isomorphic to F3. Hence S2 belongs to the class (C) of [A-F83] and the
conductor locus ES2 of S2 is decomposed as Σ3 ∪ f3. Since the intersection
S1 ∩ S2 is the conductor locus of S2 by [Fur00, Lemma 11], we have S2 \
(S1 ∩ S2) ∼= F3 \ (Σ3 ∪ f3) ∼= A
2. Hence the condition (III) holds for S1 and
S2. The pair also satisfies the condition (II) since V5 \ S1 ∼= A
3 by [Fur00,
Lemma12].
We take C˜1 ⊂ S2 and C1 ⊂ S2 as
C˜1 ∈ |f3| with C˜1 6⊂ ES2 and C1 := σS2(C˜1),
where σS2 : S2 → S2 is the normalization. Then C1 is a line in S2 different
from ES2 and hence the triplet (S1, S2, C1) satisfies the condition (I). As
C1\(S1∩C1) ∼= A
1 and S2\(S1∩S2) ∼= A
2, the triplet (S1, S2, C1) also satisfies
the condition (1). Hence the triplet (S1, S2, C1) satisfies the conditions (I)–(I
II), (I’) and (1). 
Proposition 4.11. There exists a triplet (V,D1 ∪D2, U) with (†) such that
V is a blow-up of V5 along a smooth rational curve of degree d for d = 2, 3.
Proof. We take hyperplane sections
S1 = H
∞
5 and S2 = H
0
5
as in [Fur00]. Then the pair (S1, S2) satisfies the condition (I’). By [Fur00,
Lemma 12], we have V5 \ S1 ∼= A
3 and S2 \ (S1 ∩ S2) ∼= A
2. Hence S1 and
S2 satisfy the conditions (II) and (III).
Fix d ∈ {2, 3} and take Cd as a smooth rational curve of degree d in S2
as in [Kis05, Lemma 2.3]. Since S1 ∩ S2 is a line, the triplet (S1, S2, Cd)
satisfies the condition (I). As Cd \ (S1 ∩ Cd) ∼= A
1 and S2 \ (S1 ∩ S2) ∼= A
2
by construction, the triplet (S1, S2, Cd) satisfies the condition (1). 
4.5. Another example of type (A3). We give an example of triplets with
(†) of type (A3) such that the image of its boundary divisors by the blow-up
morphism does not satisfy the condition (II) of Lemma 4.3.
Example 4.12. Take S1, S2 and C in Q
3 = {X21 + X0X4 + X2X3 = 0} ⊂
P4[X0:···:X4] as
S1 := {X
2
1 +X0X4 +X2X3 = 0 = X1 = 0}
∼= P1 × P1,
S2 := {X
2
1 +X0X4 +X2X3 = 0 = X
2
0 +X1X2 = 0}, and
C := {X0 = X1 = −X2 = X3 −X4}.
Then S1 ∼= P
1 × P1. Since Q3 \ S1 ∼= SL(2;C), the triplet (S1, S2, C) does
not satisfy the condition (II).
Let g : V → Q3 be the blow-up of Q3 along the line C and Di := g
−1
∗ (Si)
for i = 1, 2. Then the open set U := V \ (D1 ∪D2) is the affine modification
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of {1 + x0x4 + x2x3 = 0} with the locus(
({1 + x0x4 + x2x3 = 0, x
2
0 + x2 = 0, x0 = 1}
⊂ {1 + x0x4 + x2x3 = 0, x
2
0 + x2 = 0}
)
in A4(x0,x2,x3,x4), which is isomorphic to
{1 + x0x4 + x2x3 = 0, (x
2
0 + x2)w = x0 − 1}
∼={1 + x0x4 + (x2 − x
2
0)x3 = 0, x0 = 1 + x2w}
∼={1 + x0(x4 − x0x3) + x2x3 = 0, x0 = 1 + x2w}
∼={1 + x0x4 + x2x3 = 0, x0 = 1 + x2w}
∼={1 + x4 + x2(x3 + x4w) = 0, x0 = 0}
∼={x4 = x0 = 0} ∼= A
3
in A5(x0,x2,x3,x4,w). As S1 and S2 satisfy the conditions (I) and (I’), we have
KV +D1+D2 = 0. Hence (V,D1 ∪D2, U) is a triplet with (†) of type (A3).
5. Construction of examples of type (B)
In this section, we construct examples of triplets with (†) of type (B1)–
(B3).
5.1. The characterization of A3. We review the characterization of A3
by Sh.Kaliman.
Theorem 5.1 (cf. [Kal02]). Let X be an affine 3-fold such that
(0) PicX = 0 and all invertible functions on X are constants;
(1) The Euler characteristic of X is χtop(X) = 1;
(2) There exists a Zariski open subset Z of X and a morphism p : Z → r
onto a curve r whose fibers are isomorphic to A2;
(3) Each irreducible component of X \ Z has the trivial Picard group.
Then X is isomorphic to A3.
5.2. The type (B3). With Theorem 5.1, we can construct a triplet (V,D1∪
D2, U) with (†) of type (B3).
Proposition 5.2. Let x1, x2, x3 and y be coordinates of P := P(1, 1, 1, 2) of
degree 1, 1, 1 and 2 respectively. Define S1 and S2 ⊂ P as
S1 := {y = 0} and
S2 := {yx1 + x2x3(x2 + x3) = 0}.
Let ϕ : V → P := P(1, 1, 1, 2) be the blow-up of P at the vertex and Di :=
ϕ−1∗ (Si) for i = 1, 2. Then the following holds:
(1) KV +D1 +D2 = 0.
(2) D1 and D2 are Z-basis of PicV .
(3) Eϕ \ (D2 ∩ Eϕ) ∼= A
2.
(4) P \ (S1 ∪ S2) ∼= A
2 × C∗.
(5) V \ (D1 ∪D2) ∼= A
3.
In particular, (V,D1 ∪D2,A
3) is a triplet with (†) of type (B3).
FANO COMPACTIFICATIONS 15
Proof. (1): Let H := ϕ∗OP(2), then D1 ∼ H. By the Jacobian criterion,
the vertex p of V is the unique singular point of S2 and (S2, p) is an A1-
singularity. Hence Eϕ|D2 is a (-2)-curve. We write D2 ∼ aH + bEϕ. Then
we have 4a = H2 · D2 = 6 and 4b = E
2
ϕ · D2 = −2. Hence we have
D2 ∼
3
2H −
1
2Eϕ, which proves (1).
(2): Let F be the pullback of OP2(1) by the P
1-bundle structure of V =
PP2(O⊕O(2)). By Theorem 3.1 and (1), we have D2 ∼ H +F and PicV =
Z[H]⊕ Z[F ] = Z[D1]⊕ Z[D2].
(3): Since (Eϕ · D
2
2) = 1, the intersection D2|Eϕ is a line in Eϕ
∼= P2 and
hence Eϕ \ (D2 ∩ Eϕ) ∼= A
2.
(4): Let α be the involution on A3(x1,x2,x3) which sends a to −a. Let
π : A3 → A3/{id, α} be the quotient morphism. By regarding {y 6= 0} ⊂ P
as A3/{id, α}, we have an isomorphism
P \ (S1 ∪ S2) ∼= (A
3/{id, α}) \ π({x1 + x2x3(x2 + x3) = 0}).
Consider the polynomial automorphism β of A3 such that
β(x1) = x1 − x2x3(x2 + x3), β(x2) = x2, β(x3) = x3.
Since α commutes with β, we have the desired isomorphism
P \ (S1 ∪ S2) ∼=(A
3/{id, α}) \ π({β(x1 + x2x3(x2 + x3)) = 0})
∼=(A3/{id, α}) \ π({x1 = 0})
∼=(A2(x2,x3) × C
∗
(x1)
)/{id, α}
∼=A2 × C∗.
(5): By (1), the compliment V \ (D1 ∪ D2) is affine. By (2) and [Fuj82,
Proposition 1.1(1)], the condition (0) of Theorem 5.1 holds for V \(D1∪D2).
By (3) and (4), we have χtop(V \ (D1 ∪ D2)) = χtop(Eϕ \ (D2 ∩ Eϕ)) +
χtop(P \ (S1 ∪S2)) = χtop(A
2)+χtop(A
2×C∗) = 1. Hence the condition (1)
of Theorem 5.1 holds for V \ (D1 ∪D2). Applying Theorem 5.1 by setting
X := V \ (D1 ∪D2) and Z := V \ (D1 ∪D2 ∪Eϕ) ∼= P \ (S1 ∪S2), we obtain
(5). 
5.3. The types (B1) and (B2). To construct examples of triplets with
(†) of type (B1) and (B2), we use the following lemma, which is a corollary
of Theorem 5.1.
Lemma 5.3. Let ϕ : V → P2 be a P1-bundle. Let D1 and D2 ⊂ V be irre-
ducible and generically birational sections of ϕ which satisfy the following:
(0’) D1 and D2 are Z-basis of PicV and D1 +D2 is ample.
(1’) There is the unique point p ∈ P2 such that ϕ−1(p) ⊂ D1 ∪D2.
(2’) ϕ(D1 ∩D2) ⊂ P
2 is a line containing p.
Then the open subvariety U := V \ (D1 ∪D2) is isomorphic to A
3.
Proof. SinceD1+D2 is ample, the variety U is affine. By [Fuj82, Proposition
1.18 (1)], the condition (0’) implies the condition (0) of Theorem 5.1 for U .
Let l := ϕ(D1 ∩D2). Then V0 := V \ (ϕ
−1(l) ∪D1) is A
1-bundle over A2
by the condition (1’) and [Miy78, §4.1]. Since V0 ∩D2 is a section of V0 by
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(1’) and (2’), it is easy to check that
U ∩ (V \ ϕ−1(l)) ∼= V0 ∩ (V \D2) ∼= A
2 × C∗.
Note that the condition (2’) implies that U ∩ϕ−1(l) ∼= A2. Hence U satisfies
the conditions (2) and (3) of Theorem 5.1 if we set Z := U ∩ (V \ ϕ−1(l)).
Since χtop(U) = χtop(Z)+χtop(U \Z) = 1, the condition (1) of Theorem
5.1 is also satisfied. Hence we have the assertion by Theorem 5.1. 
Remark 5.4. The conditions as in Lemma 5.3 is not necessary to construct
triplets (V,D1∪D2, U) with (†) of type (B). For example, let (V,D1∪D2, U)
be a triplet as in Proposition 5.2. The intersection D1∩D2 consists of three
curves, but the conditions (1’) and (2’) implies the intersection consists of
at most two curves.
We can now construct examples of triplets with (†) of type (B1) and (B2).
Proposition 5.5. There exist divisors D1 and D2 in a smooth 3-fold V ⊂
P2× P2, which is a divisor of bidegree (1, 2), such that (V,D1 ∪D2,A
3) is a
triplet with (†) of type (B1).
Proof. In P2[x0:x1:x2] × P
2
[y0:y1:y2]
, take V , D1 and D2 as
V = {x0y
2
0 + x1y
2
1 + x2q(y0, y1, y2) = 0},
D1 := {x0y
2
0 + x1y
2
1 + x2q(y0, y1, y2) = x0y1 + x2(by0 + ay1) = 0},
D2 := {x0y
2
0 + x1y
2
1 + x2q(y0, y1, y2) = x2 = 0}
with a ∈ C and b ∈ C∗ and where q is a quadric form with q([0 : 0 : 1]) 6= 0.
It is easy to check the smoothness of V by the Jacobian criterion. Let
ϕ := pr2 : V → P
2, which is a P1-bundle. We note that PicV is generated
by H1 := pr
∗
1OP2(1) and H2 := pr
∗
2OP2(1) by the Grothendieck-Lefschetz
theorem. Since D1 ∼ H1+H2 andD2 ∼ H1, D1 andD2 satisfy the condition
(0’) of Lemma 5.3 and (†). An easy computation shows thatD1∩D2 = {x0 =
y0 = y1 = 0} ∪ {x0 = x2 = y1 = 0} and the condition (2’) holds for D1 and
D2.
For homogeneous elements g0, g1 and g2 ∈ C[y0, y1, y2], a divisor {f =
x0g0 +x1g1 + x2g2 = 0} in V contains ϕ
−1([a : b : c]) only if the rank of(
a2 b2 q(a, b, c)
g0(a, b, c) g1(a, b, c) g2(a, b, c)
)
is smaller than two. Hence we can check thatD1 andD2 satisfy the condition
(1’) with p := [0 : 0 : 1]. 
Proposition 5.6. There exist divisors D1 and D2 in P
1 × P2 such that
(P1 × P2,D1 ∪D2,A
3) is a triplet with (†) of type (B2).
Proof. In V = P1[x0:x1] × P
2
[y0:y1:y2]
, we take D1 and D2 as
D1 := {x0y1 + x1y2 = 0},
D2 := {x0y1(ay1 + y2) + x1(by
2
1 + ay1y2 + y
2
2) = 0}
with a ∈ C and b ∈ C∗. SinceDi is of bidegree (1, i) for i = 1, 2, the condition
(0’) and (†) holds for D1 and D2. They also satisfy the condition (1’) with
ϕ := pr2 and p := [1 : 0 : 0]. This implies that D1 and D2 are irreducible.
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An easy computations shows that D1∩D2 = {y1 = y2 = 0}∪{x1 = y1 = 0}.
Hence D1 and D2 satisfy the condition (2’) and we complete the proof. 
Summarizing Propositions 4.6–4.11, 5.2, 5.5 and 5.6, we have proved The-
orem 1.1 (2).
In the remaining part of this article, we fix a triplet (V,D1 ∪D2, U) with
(†). We shall prove Theorem 1.1 (1) to seek a contradiction to Lemma 3.5
when V is of type neither (A) or (B). To obtain a contradiction, we compute
χtop(D1), χtop(D2) and χtop(D1 ∩D2). From now on, we use Notation 2.
6. Exclusion of imprimitive Fano 3-folds
The aim of this section is to prove Theorem 1.1 (1) when V is imprimitive.
For this reason, we assume that V is the blow-up of a Fano variety W of
index r along a smooth curve C. We use Notation 2 and fix ϕ1 = BlC . By
Proposition 3.4, we may assume that
(6.0.1) D1 ∼ ϕ
∗OW (1) and D2 ∼ ϕ
∗OW (r − 1)− Eϕ.
Notation 4. We also use the following notation.
• Si := ϕ1∗(Di) for i = 1, 2.
• τ : S˜2 → S2: the composition of the normalization and the minimal
resolution.
• F := (S1 ∩ S2)red.
• J1 :={l : a curve ⊂ D1 ∩ Eϕ1 | ϕ1(l) is a point}, N1 := ♯J1.
• J2 :={l : a curve ⊂ D2 ∩ Eϕ1 | ϕ1(l) is a point}, N2 := ♯J2.
• J1∩2 :={l : a curve ⊂ (D1 ∩ D2) ∩ Eϕ1 | ϕ1(l) is a point}, N1∩2 :=
♯J1∩2.
By (6.0.1), we have N1 = ♯(C ∩ S1), N2 = ♯(C ∩ Sing S2) and N1∩2 = ♯(C ∩
S1 ∩ Sing S2). We use Notation 1 when S2 is non-normal.
6.1. The image of contraction ϕ1 : V →W1.
Lemma 6.1. It holds that χtop(Di) = χtop(Si) + Ni for i = 1, 2, and
χtop(D1 ∩D2) = χtop(F ) +N1∩2.
Proof. We have the first equations as follows:
χtop(Di) = χtop

Di \ ⋃
l∈Ji
l

+ χtop

⋃
l∈Ji
l


= χtop

Si \ ⋃
l∈Ji
ϕ(l)

 +Ni × χtop(P1)
= χtop(Si) +Ni.
The second assertion follows from the same argument. 
Proposition 6.2. We have the following:
(1) χtop(F ) = χtop(S1)+χtop(S2)+B3(W1)+2pa(C)+N1+N2−N1∩2−5.
(2) N1+N2−N1∩2 ≥ 1 and the equality holds if and only if (N1, N2, N1∩2)
= (1, 0, 0) or (1, 1, 1).
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Proof. (1) The assertion holds by Lemma 3.5, Lemma 6.1 and the equation
B3(V ) = B3(W1) + 2pa(C).
(2) The desired inequality is given by following inequalities:
N1 ≥ 1 and max{N1, N2} ≥ N1∩2.

Lemma 6.3. It holds that χtop(F ) ≤ 1 + (S
2
1 · S2).
Proof. Since S1|S2 ⊂ S2 is ample, its support is connected. Since S1 ⊂ W1
is ample, we have B2(F ) ≤ (S
2
1 · S2). Hence χtop(F ) ≤ B0(F ) + B2(F ) ≤
1 + (S21 · S2). 
Proposition 6.4. It holds that W1 = P
3,Q3 or V5.
Proof. By [M-M83, Proposition 5.12], it suffices to show that W1 is not del
Pezzo 3-fold Vd of degree 1 ≤ d ≤ 4. Suppose that W1 = Vd for some
1 ≤ d ≤ 4.
By (6.0.1), the surfaces S1 and S2 are hypersurfaces of Vd. By Proposition
6.2 and Lemma 6.3, we have
(6.1.1) 1 + d = 1 + (S21 · S2) ≥ χtop(S1) + χtop(S2) +B3(Vd)− 4.
Together with Theorem 2.1, we have 3 + d ≥ B3(Vd). Since
B3(Vd) =


42 if d = 1
20 if d = 2
10 if d = 3
4 if d = 4
by [Isk80, Table 3.5], we have d = 4. By Theorem 2.1 (4) and Lemma 2.2,
we have χtop(Si) ≥ 3 for i = 1, 2. Hence (6.1.1) is rewritten as 5 = 1+d ≥ 6,
a contradiction. 
6.2. On the conditions in Lemma 4.3. Now we can prove the relations
stated in Remark 4.5. Note that we use only Proposition 6.7 among propo-
sitions in this subsection to prove Theorem 1.1 (1).
Proposition 6.5. The condition (II) in Lemma 4.3 holds for (S1, S2, C) if
and only if B2(S1) is smallest possible among hyperplane sections of W1.
Proof. By (6.0.1) and Proposition 6.4, the surface S1 is a hyperplane sec-
tion of W1 ∼= P
3, Q3 or V5. By the classification of compactifications of
contractible affine 3-folds into Fano 3-folds with B2 = 1 (see [Kis05, Corol-
lary 2.1]), we have the assertion. 
Proposition 6.6. Suppose that the condition (II) in Lemma 4.3 holds for
(S1, S2). We also assume that S2 is normal and rational. Then S2 \ F is
smooth.
Proof. By Proposition 6.4, we have W1 ∼= P
3,Q3 or V5. Hence S2 is a
Gorenstein del Pezzo surface with K2S2 ≥ 3 by (6.0.1). Let S := S2 \ F and
Sing S := {p1, . . . , pn} (n ≥ 0). For all i, take an open ball U
′
i := {x ∈
C3 | d(x, pi) < ǫ} with a sufficiently small ǫ > 0 such that U
′
i ∩ U
′
j = ∅ for
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any i 6= j. Let Ui := U
′
i ∩S. By the Mayer-Vietoris exact sequence, we have
the following exact sequence of homologies:
· · · // H2(S \ Sing S,Z)⊕
⊕n
i=1H2(Ui,Z)
// H2(S,Z)
//
⊕n
i=1H1(Ui \ {pi},Z)
// H1(S \ Sing S,Z)⊕
⊕n
i=1H1(Ui,Z)
// · · · .
Since the singularity (S, pi) is a rational double point by [H-W81, Propo-
sition 1.2], Ui is contractible for any i by Theorem 2.9. Applying Lemma
2.4 by setting X = W \ S1, S as above and r = C \ (C ∩ S1), we have
H1(S \ Sing S,Z) = H1(r \ (r ∩ Sing S),Z) and H2(S \ Sing S,Z) = 0.
Hence the exact sequence is rewritten as
· · · // 0 // H2(S,Z) // ⊕
n
i=1H1(Ui \ {pi},Z) // H1(r \ (r ∩ Sing S),Z) // · · ·.
Since S and r\(r∩Sing S) are affine, bothH2(S,Z) andH1(r\(r∩Sing S),Z)
are free Z-modules by [Ham83, Korollar]. Therefore H1(Ui \ {pi},Z) is also
a free module for any i.
Fix i ∈ {1, . . . , n}. By the Hurewicz theorem, H1(Ui \ {pi},Z) is the
abelianization of the local fundamental group πS,pi of (S, pi). By Theorem
2.7, πS,pi is finite and so is H1(Ui \ {pi},Z). Hence H1(Ui \ {pi},Z) = 0
and πS,pi is perfect. Hence (S, pi) is the E8 singularity by Theorem 2.8. By
Theorem 2.1 (1), it follows that
9 ≥ (9−K2S2) + χtop(P
2) = χtop(S˜2)
≥ χtop(S2) + 8n
≥ 3 + 8n.
Hence n = 0 and we have the assertion. 
The next proposition is used in our proof of Propositions 6.13 and 6.14.
In the forthcoming article [Nag2], this proposition is also used to investigate
the boundary divisors D1 and D2 of triplets (V,D1 ∪D2, U).
Proposition 6.7. Suppose that the assumptions in Proposition 6.6 hold.
Let π : S˜2 → S2 be the minimal resolution. Then B0(F ) = 1, B1(F ) = 0 and
B2(F ) = B2(S2) + ♯(C ∩ S1) + 2pa(C)− 1.
Proof. Since F is the support of a member of |−KS2 | and −KS2 is ample,
we have B0(F ) = 1. Applying Lemma 2.4 by setting X = P
3 \S1, S = S2 \F
and r = C \ (C ∩ S1), we have the following by Proposition 6.6:
Hi(S˜2 \ (π
−1
∗ (F ) ∪ Eπ),Z) = Hi(S2 \ F,Z) =


Z i = 0
Z♯(C∩S1)+2pa(C)−1 i = 1
0 i ≥ 2.
Now we consider the following exact sequence of cohomologies:
· · · // H1(S˜2,Z) // H1(π−1∗ (F ) ∪ Eπ,Z)
// H2(S˜2, π
−1
∗ (F ) ∪Eπ,Z) // H
2(S˜2,Z) // H
2(π−1∗ (F ) ∪ Eπ,Z)
// H3(S˜2, π
−1
∗ (F ) ∪Eπ,Z) // H
3(S˜2,Z) // · · · .
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By the Lefschetz duality, we have H i(S˜2, π
−1
∗ (F ) ∪ Eπ,Z)
∼= H4−i(S˜2 \
(π−1∗ (F ) ∪ Eπ),Z). We also note that H
1(S˜2,Z) = H
3(S˜2,Z) = 0 since
S2 is rational. Hence B1(π
−1
∗ (F ) ∪ Eπ,Z) = 0 and B2(π
−1
∗ (F ) ∪ Eπ) =
B2(S˜2) + ♯(C ∩ S1) + 2pa(C) − 1. Moreover, we have the following exact
sequence of cohomologies by Lemma 2.5:
· · · // H1(S2,Z) // H
1(F,Z)⊕H1(S˜2,Z) // H
1(π−1∗ (F ) ∪ Eπ,Z)
// H2(S2,Z) // H
2(F,Z)⊕H2(S˜2,Z) // H
2(π−1∗ (F ) ∪ Eπ,Z)
// H3(S2,Z).
We note that H1(S2,Z) = H
3(S2,Z) = 0 since S2 is rational. Hence
B1(F ) = 0 and
B2(F ) = B2(S2)+B2(π
−1
∗ (F )∪Eπ)−B2(S˜2) = B2(S2)+♯(C∪F )+2pa(C)−1.

6.3. The case W1 = P
3. In this subsection, we assume that W1 = P
3. By
(6.0.1), the surface S1 (resp. S2) is a hyperplane which does not contain C
(resp. a cubic hypersurface which contains C such that C 6⊂ Sing S2).
Proposition 6.8. It holds that pa(C) ≤ 1.
Proof. As B3(V ) = 2pa(C), it holds that
(6.3.1) 4 ≥ χtop(F ) = χtop(S2) + 2pa(C) +N1 +N2 −N1∩2 − 2 ≥ 2pa(C)
by Lemma 6.3, Proposition 6.2 and Theorem 2.1. Hence 2 ≥ pa(C).
Suppose that pa(C) = 2. Since all equalities of (6.3.1) hold, we have
χtop(S2) = 1 and hence S2 is a cone over an elliptic curve by Theorem 2.1.
By [H-W81], its minimal resolution S˜2 is a geometrically ruled surface
over the elliptic curve, which corresponds to a vector bundle of degree 3.
We write τ−1∗ (C) ≡ aC0 + bf , where C0 (resp. f) is the minimal section
(resp. a ruling) of S˜2. Then we have
2 = 2pa(τ
−1
∗ (C))− 2 = (τ
−1
∗ (C) · τ
−1
∗ (C) +KS˜2)
= (aC0 + bf · (a− 2)C0 + (b− 3)f)
= (2b− 3a)(a− 1)
by the genus formula. Hence (a, b) = (2, 4) or (3, 5), which implies that
τ−1∗ (C) is reducible. This contradicts the irreducibility of C. 
By [M-M81, Table 2] and Proposition 6.8, C is either a smooth rational
curve of degree 1 ≤ d ≤ 4 or an elliptic curve of degree 3 ≤ d ≤ 5. The
following completes the proof of Theorem 1.1 (1) in this case.
Proposition 6.9. The center of the blow-up C cannot be an elliptic curve
of degree 5.
Proof. Suppose that C is an elliptic curve of degree 5. By Lemma 6.3,
Proposition 6.2 and Theorem 2.1, we have
(6.3.2) 4 ≥ χtop(F ) ≥ χtop(S2) + 1 ≥ 2.
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Suppose that S2 is not a cone. Then all equalities of (6.3.2) hold by
Theorem 2.1. Hence χtop(S2) = 3 and F is a sum of three concurrent lines
on S1 ∼= P
2. If S2 is normal, then each sum of three (−1)-curves is not
concurrent by [Qia02, Appendix: Configurations of the Singularity types],
a contradiction. If S2 is non-normal, then S2 belongs to the class (C) of
[A-F83] and the conductor locus ES2 of the normalization of S2 is reducible,
which contradicts Lemma 2.3.
Hence S2 must be a cone. By [H-W81] and [A-F83], the resolution
τ : S˜2 → S2 contracts the minimal section C0 of the geometrically ruled
surface S˜2, which corresponds to a vector bundle of degree 3 on a curve. We
also note that τ∗(−KS2) ∼ C0+3f , where f is a ruling of S˜2. We can write
τ−1∗ (C) ∼ aC0 + bf with 3b ≥ a > 0 since C is not a ruling of S2. Then we
have
5 = (C · −KS2)S2 = (τ
−1
∗ (C) · τ
∗(−KS2))S˜2 = (aC0 + bf · C0 + 3f)S˜2 = b.
This implies τ−1∗ (C) ∼ C0 + 5f . Hence C must be singular since (τ
−1
∗ (C) ·
C0) = 2, which contradicts the smoothness of C. 
6.4. The case W1 = Q
3. In this subsection, we assume that W1 = Q
3.
By (6.0.1), the surface S1 (resp.S2) is a hyperplane section which does not
contain C (resp. a member of
∣∣OQ3(2)∣∣ which contains C such that C 6⊂
Sing S2).
Proposition 6.10. It holds that pa(C) ≤ 1.
Proof. Note that χtop(S1) ≥ 3 since S1 is either P
1 × P1 or Q20. Since
B3(Q
3) = 0, we obtain the desired inequality
5 ≥ χtop(F ) ≥ χtop(S1) + χtop(S2) + 2pa(C)− 4 ≥ 2pa(C) + 2
by Theorem 2.1, Lemma 2.2, Proposition 6.2 and Lemma 6.3. 
Lemma 6.11. If S1 ∼= P
1 × P1, then we have χtop(F ) ≤ 4.
Proof. Suppose that B2(F ) = 4. By the proof of Lemma 6.3, it suffices to
show that B1(F ) > 0. Since F is the support of a member of |OP1×P1(2, 2)|,
F consists of four rulings fij for 1 ≤ i, j ≤ 2 with (fkj · flj) = δkl. Hence
B1(F ) = 1. 
By [M-M81, Table 2] and Proposition 6.10, C is either a smooth rational
curve of degree 1 ≤ d ≤ 4 or an elliptic curve of degree 4 ≤ d ≤ 5. To prove
Theorem 1.1 (1), we have only to show the following:
Proposition 6.12. The center of the blow-up C cannot be an elliptic curve
of degree 5.
Proof. Suppose that C is an elliptic curve of degree 5. Then V is of No.17 in
[M-M81, Table 2] and hence given by the blow-up ϕ2 : V → P
3 of P3 along
an elliptic curve of degree 5 (see [Mat95, §III-3]). Applying Proposition 6.9
by exchanging the subscripts of ϕ1 and ϕ2, we have the assertion. 
Proposition 6.13. The center of the blow-up C cannot be an elliptic curve
of degree 4.
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Proof. Suppose that C is an elliptic curve of degree 4. Since C is a complete
intersection of divisors in
∣∣OQ3(1)∣∣ and ∣∣OQ3(2)∣∣, the surface S2 is normal.
Also, S2 is rational by [H-W81] and Lemma 2.2. By the same method as in
Proposition 6.10, we obtain
5 ≥ χtop(F ) ≥ χtop(S1) + χtop(S2) + 2pa(C)− 4 ≥ χtop(S1) + 1.
Therefore S1 cannot be P
1 × P1 by Lemma 6.11. Hence S1 ∼= Q
2
0 and
Q3 \ S1 ∼= A
3 by [Fur93, Theorem A]. We can rewrite the above inequality
as
5 ≥ χtop(F ) ≥ χtop(S2) + 2pa(C)− 1 = χtop(S2) + 1 ≥ 4.
By Proposition 6.7, one of the following two cases occurs:
(1) B1(F ) = 0, B2(F ) = 4, B2(S2) ≤ 2 or
(2) B1(F ) = 0, B2(F ) = 3, B2(S2) = 1.
For each case, the intersection F is a sum of concurrent lines since Q20
contains F . However, each sum of four (−1)-curves in S2 is not concurrent
when B2(S2) ≤ 2 and there is at most two (−1)-curves in S2 when B2(S2) =
1 by [Qia02, Appendix: Configurations of the Singularity types]. Hence we
have a contradiction to the existence of F . 
6.5. The case W1 = V5. In this subsection, we assume that W1 = V5. By
(6.0.1), the surface S1 (resp.S2) is a hyperplane section which does not con-
tain C (resp. a hyperplane section which contains C such that C 6⊂ Sing S2).
By [M-M81, Table 2], C is either a smooth rational curve of degree 1 ≤ d ≤ 3
or a complete intersection of two hyperplane sections. To prove Theorem
1.1 (1), we have only to show the following:
Proposition 6.14. The center of the blow-up C cannot be a complete in-
tersection of two hyperplane sections.
Proof. Suppose that C is a complete intersection of two hyperplane sections.
Then the surface S2 is normal and rational by Lemma 2.2 and [H-W81]. By
Proposition 6.2 and Lemma 6.3, we have
(6.5.1)
6 ≥ 1 +B2(F ) ≥ χtop(S1) + χtop(S2) +N1 +N2 −N1∩2 − 3
≥ χtop(S1) + χtop(S2)− 2.
Claim 2. It holds that χtop(S1) = 3.
Proof of Claim 2. By Theorem 2.1 (4) and Lemma 2.2, we have χtop(Si) ≥ 3
for i = 1, 2. Suppose that χtop(S1) ≥ 4. By (6.5.1), we have B2(F ) ≥ 4 and
hence F ⊂ S2 has at least three lines. By [Qia02, Appendix: Configurations
of the Singularity types], the surface S2 contains only one line if χtop(S2) = 3.
Hence χtop(S2) ≥ 4. By (6.5.1), we have χtop(S2) = 4 and F is a sum of
5 lines. This contradicts the fact that S2 contains at most three lines by
[Qia02, Appendix: Configurations of the Singularity types]. 
Hence S1 is either normal with an A4-singularity which contains only one
(−1)-curve by [Qia02, Appendix: Configurations of the Singularity types]
or non-normal belonging to the class (C) of [A-F83]. Hence V5 \ S1 ∼= A
3
by [Fur93, Theorem A]. By Proposition 6.7, one of the following three cases
occurs:
(1) B2(F ) = 5
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(2) B2(F ) = 4, B2(S2) ≤ 2,
(3) B2(F ) = 3, B1(F ) = 0, B2(S2) = 1
If the case (1) occurs, then F is a sum of 5 lines. However, S1 cannot con-
tain such F by [Qia02, Appendix: Configurations of the Singularity types]
and Lemma 2.3, a contradiction.
If the case (2) occurs, then F contains 3 lines. Hence S1 must be non-
normal and S2 contains at most three lines. Hence F ⊂ S1 contains a conic,
but S1 contains no conic (see [Kis05, Lemma 4.5, 4.6]), a contradiction.
Hence the case (3) must occur. Since S2 contains the unique (−1)-curve,
F is a sum of the line and two conics. In particular, the intersection S1 ∩S2
is reduced. Since the line contains an A4-singular point p1 ∈ S2, we obtain
p1 ∈ Sing F .
Note that N1+N2−N1∩2 = 1 by (6.5.1) and hence N1 = ♯(C∩F ) = 1 by
Proposition 6.2 (2). Let p2 ∈ C∩F be the point. Since C is an ample divisor
on S2, all irreducible component of F must contain p2. Since B1(F ) = 0,
the point p2 is the only concurrent point on F and hence we have p1 = p2.
Then the smooth Cartier divisor C on S2 contains a singular point p1, which
gives a contradiction. 
7. Exclusion of primitive Fano 3-folds
The aim of this section is to prove Theorem 1.1 (1) when V is primitive.
Hence it suffices to show that the following cases cannot occur (see [Mat95,
§III-3]):
• V is a Fano 3-fold of No.2. It is given by a double covering g : V →
P1 × P2 whose branch locus B is a divisor of bidegree (2, 4). One
extremal contraction ϕ1 = pr1 ◦ g of V is of D1-type and the other
ϕ2 = pr2 ◦ g is of C1-type. We also have B3(V ) = 40.
• V is a Fano 3-fold of No.6. Its extremal contractions ϕ1 and ϕ2 are
C1-type of discriminant degree 6. We also have B3(V ) = 18.
• V is a Fano 3-fold of No.8. It is given by a double covering g : V →
V7 := PP2(O⊕O(1)) whose branch locus is a member of |−KV7 |. Note
that V7 has extremal contractions ψ1 : V7 → P
3 and ψ2 : V7 → P
2.
One extremal contraction ϕ1 of V is the Stein factorization of ψ1 ◦g,
which is of E3 or E4-type, and the other ϕ2 is the composite ψ2 ◦ g,
which is of C1-type. We also have B3(V ) = 18.
• V is a Fano 3-fold of No.18. It is given by a double covering g : V →
P1 × P2 whose branch locus B is a divisor of bidegree (2, 2). One
extremal contraction ϕ1 = pr1 ◦ g of V is of D2-type, and the other
ϕ2 = pr2 ◦ g is of C1-type. We also have B3(V ) = 4.
• V is a Fano 3-fold of No.32. It is a divisor on P2 × P2 of bidegree
(1, 1).
• V is a Fano 3-fold of No.35. It is the blow-up of P3 at a point.
In what follows, we exclude the possibilities of above six cases separately.
Proposition 7.1. The Fano 3-fold V cannot be of either No.32 or No.35.
Proof. Each of Fano 3-folds of No.32 and No.35 has different extremal con-
tractions of length two. Hence we have the assertion by Proposition 3.4
(2). 
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Proposition 7.2. The Fano 3-fold V cannot be of No.2.
Proof. Suppose that V is a Fano 3-fold of No.2. We may assume that D1 ∼
H1 and D2 ∼ H2 by Proposition 3.4.
Let us compute topological Euler characteristics of boundaries. As g(D1) ∼=
P2 and B|g(D1) ∼ OP2(4), it holds that
χtop(D1) = 2χtop(g(D1))− χtop(B|g(D1)) ≥ 6− 5 = 1.
As g(D2) ∼= P
1 × P1 and B|g(D2) ∼ OP1×P1(2, 4), it holds that
χtop(D2) = 2χtop(g(D2))− χtop(B|g(D2)) ≥ 8− (1 + 2 + 4) = 1.
As −KV is ample, it holds that
χtop(D1 ∩D2) ≤ B0(D1 ∩D2) +B2(D1 ∩D2) ≤ 2(D1 ·D2 · −KV ) = 4.
Hence we obtain the following inequality which contradicts Lemma 3.5.
χtop(D1 ∩D2) ≤ 4 < 37 ≤ χtop(D1) + χtop(D2) +B3(V )− 5.

Proposition 7.3. The Fano 3-fold V cannot be of No.6.
Proof. Suppose that V is a Fano 3-fold of No.6. We may assume that D1 ∼
H1 and D2 ∼ H2 by Proposition 3.4.
Let us compute topological Euler characteristics of boundaries. Fix i ∈
{1, 2}. Then ϕi|Di is a conic bundle. If the image of ϕi|Di is not contained
in the discriminant locus, then the general fiber of ϕi|Di is smooth and we
have
χtop(Di) ≥ χtop(P
1)× χtop(P
1) = 4.
Otherwise, the general fiber of ϕi|Di is a reducible conic and the special fiber
is a non-reduced line. Since ϕi|Di has at most 6 − 1 = 5 special fiber, we
have
χtop(Di) ≥ 3× (χtop(P
1)− 5) + 2× 5 = 1.
Since −KV is ample, we have
χtop(D1 ∩D2) ≤ B0(D1 ∩D2) +B2(D1 ∩D2) ≤ 2(D1 ·D2 · −KV ) = 8.
Hence we obtain the following inequality which contradicts Lemma 3.5.
χtop(D1 ∩D2) ≤ 8 < 15 ≤ χtop(D1) + χtop(D2) +B3(V )− 5.

Proposition 7.4. The Fano 3-fold V cannot be of No.8.
Proof. Suppose that V is a Fano 3-fold of No.8. We may assume that D1 ∼
H1 and D2 ∼ H2 by Proposition 3.4.
Let us compute topological Euler characteristics of the boundary divisors.
As g(D1) = P
2 ∼ ψ∗1OP3(1) and B|g(D1) ∼ OP2(4), it holds that
χtop(D1) = 2χtop(P
2)− χtop(B|g(D1)) ≥ 6− 5 = 1.
As g(D2) = F1 and B|g(D2) ∼ 2Σ1 + 4f1, it holds that
χtop(D2) = 2χtop(F1)− χtop(B|g(D2)) ≥ 8− 6 = 2.
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As g(D1) ∩ g(D2) ∼= P
1, it holds that
χtop(D1 ∩D2) = 2χtop(P
1)− χtop(g(D1) ∩ g(D2) ∩B) ≤ 4.
Hence we obtain the following inequality which contradicts Lemma 3.5.
χtop(D1 ∩D2) ≤ 4 < 16 ≤ χtop(D1) + χtop(D2) +B3(V )− 5.

Proposition 7.5. The Fano 3-fold V cannot be of No.18.
Proof. Suppose that V is a Fano 3-fold of No.18. Since the length of ϕ2 is
one, we may assume that D1 ∼ H1 +H2 and D2 ∼ H2 by Proposition 3.4.
Let us compute topological Euler characteristics of D2 and D1∩D2. Since
−KD2 ∼ (H1 +H2)|D2 , the surface D2 is a Gorenstein del Pezzo surface of
degree (−KD2)
2 = 4. As both H1 +H2 and D1|D2 ∼ −KD2 are ample, we
have
(7.0.1) χtop(D1 ∩D2) ≤ 1 +B2(D1 ∩D2) ≤ 1 + (D1 ·D2 ·H1 +H2) = 5.
Claim 3. It holds that χtop(D2) ≥ 4. Moreover, χtop(D2) = 4 implies that
χtop(D1 ∩D2) ≤ 4.
Proof of Claim 3. Suppose that D2 is normal. Then the general fiber of the
conic bundle ϕ2|D2 is smooth. Hence χtop(D2) ≥ χtop(P
1)× χtop(P
1) = 4.
Suppose that D2 is non-normal. Let σD2 : D2 → D2 be the normalization.
Then D2 is not a cone by Lemma 2.2 and hence D2 belongs to

the class (B) of [A-F83] if D2 ∼= P
2,
the class (C) of [A-F83] if D2 ∼= F2 or
the class (D) of [A-F83] if D2 ∼= F0.
We note that σ∗D2(Hi|D2) is a nef and effective divisor in D2 with self-
intersection number 0 for i = 1, 2. As (H1·H2·D2) = 1, we have σ
∗
D2
(H1|D2) 6∼
σ∗D2(H2|D2). Hence only the case that D2
∼= F0 can occur and D2 belongs
to the class (D). By [A-F83], σD2 is an isomorphism without one ruling Σ0
and σD2 |Σ0 is a double covering to P
1. Hence χtop(D2) = 4 and we have the
first assertion.
We prove the second assertion below. To seek a contradiction, we assume
that χtop(D2) = 4 and χtop(D1∩D2) = 5. ThenB1(D1∩D2) = 0 andD1∩D2
consists of four curves whose intersection number with (H1+H2)|D2 ∼ −KD2
is one by (7.0.1).
Suppose thatD2 is normal. ThenD1|D2 ⊂ D2 is a sum of four (−1)-curves
with trivial first Betti number. However, [Qia02, Appendix: Configurations
of the Singularity types] shows us that every sum of four (−1)-curves in D2
has non-trivial first Betti number, a contradiction.
Suppose that D2 is non-normal. Then we have shown that D2 belongs
to the class (D). By [A-F83], we have σ∗D2(−KD2) ∼ Σ0 + 2f0. Then
σD2∗
−1(D1|D2) consists of four curves whose intersection number with Σ0+
2f0 is one. Hence each of four curves is linearly equivalent to f0. However,
this implies that D1|D2 is disconnected since σD2 is as stated above, which
contradicts the ampleness of D1|D2 . 
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By Lemma 3.5 and Claim 3, we have
χtop(D1) = χtop(D1 ∩D2)− χtop(D2)−B3(V ) + 5 ≤ 1,
but we obtain χtop(D1) ≥ 2 by Lemmas 7.6–7.11 below, a contradiction. 
Here we explain how to deduce χtop(D1) ≥ 2 from Lemmas 7.6–7.11.
If it holds that χtop(D1) ≤ 3, then D1 is a certain non-normal surface
(Lemma 7.6). Suppose D1 is such a certain non-normal surface. Then its
normalization is a P1-bundle over a smooth curve (Lemma 7.7) and the
arithmetic genus ga of the curve is either 0 or 1 (Lemmas 7.8–7.9). We can
compute χtop(D1) ≥ 3 when ga = 0 (Lemma 7.10) and χtop(D1) = 2 when
ga = 1 (Lemma 7.11). Hence the inequality χtop(D1) ≥ 2 always holds.
Lemma 7.6. If χtop(D1) ≤ 3, then D1 is non-normal with (ED1 ·H1) > 0,
where ED1 is the conductor locus of D1.
Proof. As D1 ∼ H1 + H2 and ϕ1 is a conic bundle, so is ϕ1|D1 . Suppose
that D1 is normal. Then a general fiber of ϕ1|D1 is smooth and hence
χtop(D1) ≥ χtop(P
1)× χtop(P
1) = 4. The same conclusion holds when D1 is
non-normal with (ED1 ·H1) = 0. 
Lemma 7.7. Suppose that D1 is non-normal with (ED1 · H1) > 0. Let
σ : D1 → D1 be the normalization and ED1 ⊂ D1 the conductor locus of D1.
Then D1 is a P
1-bundle over a smooth curve Z.
Proof. Let π : D˜1 → D1 be the minimal resolution and τ := σ ◦ π. Let A be
an effective divisor on D˜1 such that KD˜1 ∼ π
∗(KD1)−A. Then we have
τ∗ ((H1 +H2)|D1)+KD˜1 ∼ τ
∗(H1|D1−KD1)+KD˜1 ∼ τ
∗(H1|D1)−A−π
∗ED1 .
As (ED1 ·H1) > 0, it holds that(
τ∗((H1 +H2)|D1) +KD˜1 · τ
∗(H1|D1)
)
D˜1
=
(
τ∗(H1|D1)−A− π
∗ED1 · τ
∗(H1|D1)
)
D˜1
≤−
(
π∗ED1 · τ
∗H1|D1
)
D˜1
= −
(
ED1 · σ
∗H1|D1
)
D1
< 0.
Hence τ∗ ((H1 +H2)|D1) + KD˜1 is not nef and there is an extremal ray
R ⊂ NE(D˜1/P
1) with respect to ϕ1 ◦ τ such that(
τ∗ ((H1 +H2) |D1) +KD˜1 · R
)
D˜1
< 0.
Let g : D˜1 → Z be an extremal contraction which corresponds to R. Since
ϕ1 ◦ τ : D˜2 → P
1 is dominant, we have dim Z = 1 or 2.
Suppose that dimZ = 2. Then there is a curve C ⊂ D˜1 such that C
2 < 0
and (C · K
D˜1
)
D˜1
< − (C · τ∗ ((H1 +H2)|D1))D˜1 ≤ 0. Hence C is a (−1)-
curve such that (C · τ∗ ((H1 +H2)|D1))D˜1 = (π∗(C) ·σ
∗((H1+H2)|D1))D1 =
0. Since σ∗((H1 + H2)|D1) is ample, the morphism σ contracts C, which
contradicts the minimality of σ.
Hence dimZ = 1 and g : D˜1 → Z is a P
1-bundle. Let f be a ruling of D˜1.
Then we have
−2 = (f ·K
D˜1
)
D˜1
< − (f · τ∗ ((H1 +H2) |D1))D˜1 ≤ 0.
FANO COMPACTIFICATIONS 27
As f2 = 0, the morphism π does not contract f . We note that τ∗(H2|D1) is
a sum of rulings. Hence
(7.0.2)
(f · −τ∗KD1)D˜1 = (f · τ
∗((H1 +H2)|D1))D˜1 = 1 and
(f · A+ π∗ED1)D˜1 = −(f · τ
∗ ((H1 +H2) |D1) +KD˜1)D˜1 = 1.
Since (τ∗(H1|D1) · π
∗ED1)D˜1 > 0, it holds that
(7.0.3) (f · π∗ED1)D˜1 = 1 and (f ·A)D˜1 = 0.
Then A is a sum of rulings. Hence A = 0 and π is crepant. As g : D˜1 → Z is
P1-bundle, the surface D1 is smooth unless D1 ∼= Q
2
0 and D˜1
∼= F2. However,
D1 6∼= Q
2
0 because ϕ1 ◦σ : D1 → P
1 is dominant. Hence π is the identity and
we have the assertion by regarding g as a morphism from D1. 
Lemma 7.8. Let S be a non-normal weak del Pezzo surface and σ : S → S
the normalization of S. Let E (resp.E) be the conductor locus of S (resp. S).
Then dimH0(OE) = 1. Moreover, one of the following two cases occurs:
(1) dimH1(OE) = 0, (σ
∗KS ·E)S = −2, (KS ·E)S = −1
(2) dimH1(OE) = 1, (σ
∗KS ·E)S = 0, (KS · E)S = 0
Proof. This follows from the same argument as in the proof of [Mor82,
Lemma 3.35]. 
Lemma 7.9. Under the assumptions of Lemma 7.7, it holds that (f ·ED1)D1
= −(f · σ∗KD1)D1 = 1, σ
∗(H1|D1) ≡ 2f and ga(Z) = ga(ED2) ≤ 1,
Proof. The first assertion holds by (7.0.2) and (7.0.3). As −(σ∗(H1|D1) ·
σ∗KD1)D1 = (H1 ·H2 ·D1) = 2, we have the second assertion.
Since −KD1 ∼ H2|D1 is nef and big, the surface D1 is a Gorenstein weak
del Pezzo surface. Hence the last assertion holds by Lemma 7.8 and the
genus formula. 
Lemma 7.10. If Z is rational, then χtop(D1) ≥ 3.
Proof. By Lemmas 7.7 and 7.9, the surface D1 is a Hirzebruch surface
which contains a section −σ∗KD1 whose self-intersection number is 2. Since
pa(ED1) = 0, we have −(σ
∗KD1 · ED1)D1 = 2 by Lemma 7.8. Hence one of
the following two cases occurs:
(1) D1 ∼= F0 and σ
∗KD1 ∼ ED1 ∼ Σ0 + f0.
(2) D1 ∼= F2 and σ
∗KD1 ∼ ED1 ∼ Σ2 + 2f2.
Suppose that the case (1) occurs. Then D1 is a non-normal del Pezzo
surface of class (C) in [A-F83], which implies ED1
∼= P1. Hence χtop(D1) =
χtop(D1)− χtop(ED1) + χtop(ED1) ≥ 3.
Suppose that the case (2) occurs. Then we have
(7.0.4) (ED1 · σ
∗(H1|D1))D1 = (ED1 · σ
∗(H2|D1))D1 = 2.
Suppose that ED1 is irreducible. Then so is ED1 . Since σ|ED1
is not
birational, we have (ED1 · H1) = 1 by (7.0.4). Since ϕ1|ED1 : ED1 → P
1 is
birational, we obtain ED1
∼= P1 and χtop(D1) = χtop(D1) − χtop(ED1) +
χtop(ED1) = 4.
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Suppose that ED1 is reducible. Then ED1 consists of rulings C1, C2,
and Σ2. Since (Σ2 · σ
∗(H2|D1))D1 = 0, the curve σ(Σ2) is an irreducible
component of a fiber of the conic bundle ϕ2 and hence σ(Σ2) ∼= P
1.
Fix i ∈ 1, 2. Since (Ci · σ
∗(H1|D1))D1 = 0, we have σ(Σ2) 6= σ(Ci)
and σ(Ci) is an irreducible component of an intersection D1|H1 . Since H1 is
isomorphic to a quadric surface in P3 and D1|H1 ∼ −
1
2KH1 , we have σ(Ci)
∼=
P1. As (Ci ·σ
∗(H2|D1))D1 = 1, the morphism σ|Ci is an isomorphism. Hence
σ(C1) = σ(C2) since both of them are contained in ED1 .
Since (σ(C1) · H2) = 1, (σ(Σ2) · H2) = 0 and ED1 is connected, we
have ♯ (σ(Σ2) ∩ σ(C1)) = 1. Hence χtop(D1) = χtop(D1) − χtop(ED1) +
χtop(ED1) ≥ 4− 4 + 3 = 3. 
Lemma 7.11. If Z is elliptic, then χtop(D1) = 2.
Proof. The surface D1 is isomorophic to PZ(E) for some normalized vector
bundle E of rank two. Let C0 be a minimal section of D1 and e :=deg(det E).
By Lemmas 7.8 and 7.9, we can write ED1 ≡ C0+af and −σ
∗(KD1) ≡ C0+
(e−a)f for a ∈ Z. Since −e+2(e−a) = (−σ∗(KD1))
2
D1
= (H22 ·(H1+H2)) =
2, we obtain ED1 ≡ C0 + (
e
2 − 1)f and −σ
∗(KD1) ≡ C0 + (
e
2 + 1)f .
By [Har77, Theorem V.2.15], we have e ≥ −1. Since 0 ≤ (C0·σ
∗(H2|D1))D1
= 1 − e2 , we have e = 0, 2. If e = 0, then C0 is nef and (ED1 · C0)D1 = −1,
a contradiction. Hence e = 2 and ED1 = C0.
As (ED1 · σ
∗(H2|D1))D1 = 0, the curve ED1 is an irreducible compo-
nent of a conic. Hence ED1
∼= P1 and χtop(D1) = χtop(D1) − χtop(ED1) +
χtop(ED1) = 2. 
Summarizing the arguments in §6 and §7, we complete the proof of The-
orem 1.1 (1).
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